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Abstract. This paper presents a new algorithm for finding better ap-
proximation solutions to the min-cost point coverage problem in wireless
sensor networks. The problem is to compute a deterministic sensor de-
ployment plan, with minimum monetary cost on sensors, to cover the
set of targets spread across a geographical region such that each tar-
get is covered by multiple sensors. This is a Max-SNP-complete prob-
lem. Our approximation algorithm, called alpha-beta approximation, is
a convex combination of greedy LP-rounding and greedy set-cover se-
lection. We show that, through a large number of numerical simula-
tions on randomly generated targets and sites, alpha-beta approximation
produces efficiently better approximation results than the best approx-
imation algorithm previously known. In particular, the alpha-beta ap-
proximation in our experiments never exceeds an approximation ratio of
1.07, providing up to 14.86% improvement over previous approximation
algorithms.

Keywords: sensor deployment, point coverage, minimum set multicover,
LP-rounding, approximation algorithm.

1 Introduction

The min-cost point coverage (MCPC) problem is a classic sensor coverage prob-
lem in wireless sensor networks. This problem has been studied intensively in
recent years (see, e.g., [Vaz01l |(CIQ ™02, [SX05, [CW04, WZ06, YW07, WZ0S|).
Given a set of targets in a 3D (or 2D) geographical region, a set of sensor sites in
the proximity of targets, and multiple types of sensors with different monetary
costs, the problem is to select a set of sensors with minimum monetary cost on
sensors, a set of sites, and a mapping of the selected sensors to the selected sites,
so that each target under this mapping is covered by multiple sensors.

The MCPC problem is Max-SNP-complete, and so it does not have
polynomial-time approximation schemes unless P = NP. On the other hand,
there are approximation algorithms for this problem with proven approximation
guarantees. These algorithms can be characterized as greedy set-cover selection,
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greedy LP-rounding, and randomized LP-rounding. The approximation ratios of
these algorithms are based on different attributes that are not directly compara-
ble, and so they provide little insights as how well each of these approximation
algorithm would perform in practical applications.

To obtain better insights, it is desirable to compare these algorithms using nu-
merical experiments and this paper takes up this task. In particular, we design
and carry out a large number of numerical experiments on randomly gener-
ated sensors and sites with various densities. we show that greedy LP-rounding
provides better approximation results than both randomized LP-rounding and
greedy set-cover selection. We also show that the solutions produced by random-
ized LP-rounding are unstable. That is, running the randomized LP-rounding
algorithm at different times on the same set of data will produce fluctuating
results of wide spans, where the cost differences can be as large as 20%.

Next, we devise a new approximation algorithm using a convex combination
of greedy LP-rounding and greedy set-cover selection. We call our new algorithm
alpha-beta approzimation. We show that alpha-beta approximation provides fea-
sible solution to the MCPC problem. We then show that, through a large number
of experiments on randomly-generated targets and sites with different densities,
alpha-beta approximation provides better approximation results than all pre-
vious approximation algorithms. In particular, the actual approximation ratios
of alpha-beta approximation in our experiments never exceed 1.07, and it pro-
vides up to 14.86% improvement over the best approximation using previous
algorithms.

This paper is structured as follows. Section [2] describes the MCPC problem,
greed set-cover selection, greedy LP-rounding, and randomized LP-rounding.
Section [3] presents alpha-beta approximation. Section M describes experiment
settings and provides numerical results. Section [ presents final remarks and
open problems.

2 Preliminaries

Let R denote a set of targets spread across a 3D (or 2D) geographical region and
S a set of sites to place sensors in the proximity of targets, where R and S may
or may not intersect. Targets and sites are represented as 3D (or 2D) points.

Let (t1,...,ts) be £ types of sensors with sensing radius (rq,...,r¢) and mon-
etary costs (ci1,...,cp), where r; < --- < ;. We assume that a sensor can only
be placed on a point, and each point can only be occupied by at most one sen-
sor. We also assume that there is an unlimited supply for each type of sensor.
Moreover, we assume that S is fully usable to R; that is, for every site j there is
at least one target ¢ and one sensor type ¢, such that ¢ falls in the sensing range
of a type-t, sensor placed at site j.

The basic form of the MCPC problem is to select sensors and sites to place
these sensors, such that every target in R is covered by at least o sensors and
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that the total monetary cost of the selected sensors is minimum, where o > 1 is
a given integer.

Denote by S the set of targets that can be covered by a type-t, sensor
placed at site j. Let ¢, be the cost of set S7. Then solving the MCPC problem
is equivalent to solving the weighted set multicover problem, which is known to
be Max-SNP-complete.

Let |R| = n and |S| = m. For simplicity, we label targets and sites as R =
{1,2,...,n} and S = {1,2,...,m}. Denote by d(i,j) the Euclidean distance
between target ¢ € R and site j € S. Let

E,={(i,5)|0<d(i,j) <ry, i€R, j€S} v=1,...,L
E,il]={j| (i,j) € Ey}, i=1,...,n.
Elljl={i|(i,j) € B}, j=1,...,m.

Note that S} = E,[j]. Solving the MCPC problem is equivalent to solving
the following ILP problem, where z} is a 0-1 variable indicating the number of
type-t, sensor placed at site j:

0
Minimize » ¢, -2
jeSv=1
4
Subject to (Vi € R) Z Z zi > o, (1)
v=1jeE,[t]
4
(Vjes)  ay <1 (2)

v=1

A feasible solution of this ILP model is also referred to as a o-cover.

Greedy set-cover selection, greedy LP-rounding, and randomized LP-rounding
approximation algorithms have the following approximation ratio upper
bounds 7:

1. For greedy set-cover selection [RV99],

d
1
r:Hd:ZZ_ =1+ O(logd),

i=1

where d is the largest number of targets that can be covered by a sensor,
namely, d= maX;es, 1<v<e ‘E; [_]H

2. For greedy LP-rounding [WZ06], WZ03],
r=f—o+1,

where f is ethe largest number of sensors that cover a target, namely, f =
maxicr(Y_,—1 [Ev[i]]).
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3. For randomized LP-rounding [Vaz01],
r = O(logn).

Greedy Set-Cover Selection

We say that a target is o-covered if it is covered by at least o sensors. The greedy
set-cover selection selects the largest set with the smallest cost at each step as
follows:

1. SetC’<—(D,S’<—{S;|1§j§mand1§v§£},andA<—R.

2. Choose an SY from S’ such that ¢(S57)/|a(S})| = mingues {c(S;')/[a(S})|},
where a(S7) = Sj N A is the set of targets in S} that are still active; namely,
these targets are not o-covered yet at this point.

3. Set € « C'U S}, remove from A all the targets that are o-covered, and
remove SY from S’

4. If A +# 0, go back to Step
5. Output C.

Greedy LP-Rounding
A simple form of greedy LP-rounding is as follows:

1. Solve the LP-relaxation of the ILP model by allowing variables zj to take
real values between 0 and 1.

2. Let S* = {x;’* \ m;* > 0,1 <j<m, and1 < v < £} be the optimal
solution to the LP model. Sort S* in non-increasing order to produce a
sorted list L*.

3. Select a variable from L* one at a time, round it to 1, until a o-cover is
obtained, where variables not selected are set to 0.

Randomized LP-Rounding

Treat each value ac;’* € (0,1] in the optimal solution S* to the LP model as a
probability. We use a biased coin to select set S} with probability ac;’* for all j
and v; i.e. set z7 = 1 if its corresponding biased coin toss turns to head, and
set z§ = 0 otherwise. This forms a sub-collection of sets. Repeat this process
independently klogn times and compute the union of all the sub-collections of
sets, where k is a constant such that (1/e)*°8" < 1/(4n). When o = 1, it can be
shown [Vaz0I] that the resulting collection of sets from the union is, with high
probability, a o-cover with an approximation ratio of O(logn).

We will show in Section that randomized LP-rounding does not produce
stable results. In particular, our numerical experiments show that it produces
fluctuating results on the same set of data with as much as 20% difference from
different executions. Thus, randomized LP-rounding may only have theoretical
interests.
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3 Alpha-Beta Approximation

We observe that in greedy LP-rounding, we can obtain a better approximation
by also considering greedy set-cover selection. In other words, in addition to
considering the value of ac}”’i we also consider how many targets a type-t, sensor
placed at site j can cover. Since |a(S} )| may be much larger than 1 and ac;’* <1,
we will consider |a(S})|/K instead of [a(SY)| to balance two greedy strategies,
where K is the largest number of targets a sensor can cover. That is,

K= EL[j][}.
1o Bax B

We consider the convex combination of z} and [a(S7})|/ K, namely, let

v v |a(S7))]
h(zf) = oz + - KJ )
at+p=1,

a >0,

B8 =>0.

We will then select SY if 2" > 0 and h(z}") is large.

Alpha-Beta Approximation Algorithm

1. Select values of v and S.

2. Set C' 0, A — R (the set of all targets), and G« {a¥ | 23" > 0}.
3. Let 2 € G and h(z}") = maxguec{h(z;"")}.

4. Set €« CU S} and G « G — {7}

)

. Remove from A all the targets that become o-covered, and compute a(S}) =
S;ﬁAforalllgjgmandlgvgf.

If A0, goto Step [l
7. Output C.

>

Clearly, setting z}/ to 1 for all 2" > 0 provides a o-cover. Thus, the alpha-
beta approximation algorithm guarantees a o-cover.

We note that the alpha-beta approximation is the same as greedy set-cover
selection when @ = 0, and is the same as greedy LP-rounding when 8 = 0. When
a # 0 and 8 # 0, we note that the alpha-beta approximation algorithm may
select a variable 2/ that will not be selected by greedy LP-rounding or greedy set-
cover selection. In our numerical experiments, this phenomenon have happened.
Thus, it is possible that, by selecting « and ( appropriately, the alpha-beta
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approximation can produce better results than greedy LP-rounding and greedy
set-cover selection. Our numerical experiments confirm this observation.

4 Numerical Experiments and Performance Analysis

We describe our settings for numerical experiments and present numerical re-
sults on ILP, alpha-beta approximation, greedy LP-rounding, greedy set-cover
selection, and randomized LP-rounding.

4.1 Experiment Settings

In our experiments, we use three types of sensors A, B, and C, where
(ra,rp,rc) = (15,25,40) and (ca,cp,cc) = (200, 350,580). Targets and sites
are generated in a 300 x 300 area, where targets are generated uniformly and
independently at random. For each target generated, 5 sites are generated uni-
formly and independently at random within the radius of 20 of the target. This
allows all three types of sensors to be evenly selected in the optimal solutions.
Experiments are carried out with ¢ = 1,2,3 on a variety of target density for
each value of o, from sparse to dense, with n = 100, 200, 300, 400, 500, and
600.

4.2 Fluctuating Behavior of Randomized LP-Rounding

Figure[is a sample of fluctuating behavior of randomized LP-rounding from 20
executions on the same set of 600 targets, where o = 3. Our experiments show
that, when o > 2 and n > 200, there is an up to 20% difference in the results
produced by randomized LP-rounding from different executions on the same set
of data.

300x300 area, 600 targets, 3-Cover
54000
53000 — [ ]
| |
52000 — /
51000 — .
50000 - / _/ -
[ ] -

Cost

47000

A N

46000

45000 T T T T T

Experiment No.

Fig. 1. Fluctuating behavior of randomized LP-rounding
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4.3 Cost Curves in Terms of «

The values of @ and 8 determine how much the LP solution and set-cover se-
lection will influence the final decision. We show that, through numerical ex-
periments, the value of « should be roughly reciprocal of K. For example, we
observe that, when K < 20, choosing a = 0.6 is better. When K > 25, choosing
a = 0.2 is better. Fig. 2l shows two examples of cost curves in terms of «.

—+—Cost
300x300 area, 200 targets, K=20, 3-Cover

330004 ,,,

32500

32000

31500 f
31000 \A
a
30500 \A
AddAdds A
risssiassssssssassssanasd

30000

Cost

0.0 0.2 0.4 0.6 0.8 1.0
Alpha
(a) K =20
—+—Cost
300x300 area, 300 targets, K=34, 3-Cover
38000 -
37500 -
37000 -
36500 “\ M[““
g 36000 - A/ v =
l /
35500 X R A/ t
35000 - \A’A\M\
34500 -
\d
34000 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Alpha
(b) K = 34

Fig. 2. Cost curves vs. « values at different target density

4.4 Variation of Alpha-Beta Approximation

The alpha-beta approximation algorithm runs in polynomial time, but it is slower
than greedy LP-rounding. This is because calculating
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Table 1. Comparisons of running time and results between original alpha-beta ap-
proximation and its variation

number o original time variation time original variation

of targets (1073 &) (1073 &) result  result
100 1 40 10 8680 8680
200 1 90 30 10150 10150
300 1 420 410 11950 11950
400 1 920 910 12900 12900
500 1 1720 1720 12940 12940
600 1 2110 2110 12960 12960
100 2 90 10 15940 15940
200 2 470 300 21150 21150
300 2 1400 1340 23370 23370
400 2 1560 1470 24190 23610
500 2 3100 2900 24820 24240
600 2 4570 4420 25200 25200
100 3 200 20 26680 26680
200 3 600 490 30130 30130
300 3 1690 1440 34280 34280
400 3 2720 2510 35500 35500
500 3 5410 4740 37980 37800
600 3 5620 5380 38210 38210

h(z)") = ;ggg{h(w?’*)}
involves counting active targets for each set. If we can avoid doing this calculation
as much as we can without losing accuracy, we can reduce computing time of the
algorithm. For example, when ac;’* is closer to 1 in an LP solution, S}’ is more
likely to be selected in the ILP solution. Thus, we may choose an appropriate
threshold value ¢ and select SY directly when x7™* > ¢.

Our numerical experiments show that when ¢ = 0.9 and o > 1, the variation
of alpha-beta approximation can reduce much running time while producing
almost the same result as (and at time even slightly better than) the original
alpha-beta approximation. The variation is more effective when the density of
targets is low, for there would be more m;* close to 1 in the LP solution. Table
[l compares the running time and results generated by the original alpha-beta
algorithm and its variation with ¢t = 0.9.

4.5 Performance Comparisons

In all of our experiments, except for greedy set-cover selection, all approximation
algorithms generate result is less than 7 seconds. Computing optimal solutions
take much longer time and it takes a number of days of running time when n is
large. When o > 1, the solution produced by alpha-beta approximation has the
actual approximation ratio in the range between 1.01 to 1.07.
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Table 2. Performance Comparison of all algorithms with o = 2

n LP OPT  set-cover  rs.  LP-round. r1yp

100 15760 15760 17680 1.121827 16340 1.036802

200 19791.61 19880 23800 1.197183 22710 1.142354

300 21593.5 21980 26810 1.219745 25810 1.174249

400 21513 22450 27830 1.239644 27730 1.235189

500 21928.7 23020 28490 1.237619 27810  1.20808

600 22307.7 23920 29410 1.229515 28840 1.205686
Rand-LP rrp  alpha-beta  rag alpha-beta rlag Imp
rounding original variation

100 16140 1.024112 15940 1.011421 15940 1.011421 1.24%

200 23640 1.189135 21150 1.063883 21150 1.063883 6.87%

300 29010 1.319836 23370 1.063239 23370 1.063239 9.45%

400 29980 1.335412 24190 1.077506 23610  1.05167 14.86%

500 31060 1.349262 24820 1.078193 24240 1.052997 12.84%

600 32220 1.346990 25200 1.053512 25200 1.053512 12.62%

Table 2] shows the optimal solution and the approximation solution, for ¢ =
2, of greedy set-cover selection, greedy LP-rounding, randomized LP-rounding,
original alpha-beta approximation, variation of alpha-beta approximation, and
the improvement of alpha-beta over LP-rounding. Here 74, 7ip, Trip, Tag, and r,, 3
denote, respectively, the approximation ratio of the greedy set-cover selection,
greedy LP-rounding, randomized LP-rounding, alpha-beta approximation, and
alpha-beta variation. We use Imp to denote the improvement of alpha-beta
variation over greedy LP-rounding.

Figure [3] compares the cost from solutions generated by each algorithm, i.e.,
the ILP model, greedy set-cover selection, the greedy LP-rounding, randomized
LP-rounding, and alpha-beta approximation with ¢ = 1,2, 3, respectively. It
shows that the alpha-beta approximation provides the best solution than any
other approximation algorithm.

Figure[dshows visualized solutions generated by the ILP model and the alpha-
beta approximation for n = 100 targets.

5 Final Remarks and Open Problems

This paper presents alpha-beta approximation algorithm for the MCPC problem
and provides numerical results that compares performance of the alpha-beta
algorithm with other approximation algorithms. We show that alpha-beta
approximation algorithm provides better solutions with up to 14.86% im-
provement over the best approximation algorithm previously known, and it
does so efficiently. This indicates that, alpha-beta approximation, i.e., a convex
combination of greedy LP-rounding and greedy set-cover selection is a promising
new approach. There are a number of issues that warrant a further investigation.
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Fig. 3. Performance comparison of all algorithms
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Fig. 4. Visualized approximation solutions

For example, we suspect that the approximation ratio of alpha-beta approxima-
tion would depend on the values of o and the approximation ratios of greedy
LP-rounding and greedy set-cover selection.
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