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Abstract—In this paper, we study the problem of constructing quality fault-tolerant Connected Dominating Sets (CDSs)
in homogeneous wireless networks, which can be defined as
minimum k-Connected m-Dominating Set ((k, m)-CDS) problem
in Unit Disk Graphs (UDGs). We found that every existing
approximation algorithm for this problem is incomplete for k ≥ 3
in a sense that it does not generate a feasible solution in some
UDGs. Based on these observations, we propose a new polynomial
time approximation algorithm for computing (3, m)-CDSs. We
also show that our algorithm is correct and its approximation
ratio is a constant.

I. I NTRODUCTION
Over many years, wireless networks such as ad-hoc or
sensor networks have emerged as popular research topics
in the networking community. Typically, wireless networks
consist of a number of wireless nodes, which communicate
with each other using Radio Frequency (RF) signals. They
are convenient to deploy and can construct instant networks in
most application fields without any pre-existing infrastructure.
In addition, their cost is getting lower due to the continuous improvements in related technologies. So far, numerous
applications of wireless networks, such as conferences, traffic control, battlefield surveillance, environmental monitoring,
disaster rescue, concert, health applications, etc., are identified
and developed [1], [2].
In wireless networks, each node has a limited signal transmission range. A node can directly send a message to another
node if they are closer than the sender’s maximum communication range. Otherwise, the message has to be relayed through
multiple intermediate nodes. Generally, energy-efficiency is
a crucial issue of wireless networks since each node has a
limited energy source such as a battery. It is known that
wireless networks consume most energy for communications
rather than the other activities. In wired networks, finding
and maintaining routing paths can be performed efficiently
with the help of some pre-existing infrastructure (i.e. a backbone network). On the contrary, in wireless networks, most

routing protocols rely on a flooding-like scheme in which
every node participates in the route discovery by broadcasting
control messages it receives. Unfortunately, it is known that
such flooding scheme causes huge amount of collision and
redundancy and thus is very energy exhausting [3]. Therefore,
to extend the lifetime of wireless networks and make them
more useful, it is essential to have an efficient routing strategy.
A Virtual Backbone (VB) of a wireless network is a subset
of nodes such that 1) every node in a given network is either
in the subset or adjacent to a node in the subset and 2) a
subgraph induced by the subset is connected. Given a VB,
any two nodes can communicate with each other through
the backbone structure. Therefore, once a VB is defined in
a wireless network, any conventional routing algorithm for
the wireless network can be used over the backbone structure.
Employing a VB into a wireless network has several apparent
benefits. First of all, since the number of nodes involved in
message routing is reduced, the amount of wireless signal
collision and interference will be diminished. This approach
also makes a routing path search space smaller, and thus any
routing protocol can converge faster. Therefore, any routing
protocol running over a VB becomes more efficient [4].
Ever since the idea of employing VB for wireless networks
is introduced [5], a huge amount of effort has been made to
find a better quality VB. Clearly, the benefits of a VB can be
magnified by making its size (the number of nodes constituting
the VB) smaller. Guha and Kuller first modeled the problem
of computing the smallest VB as the minimum Connected
Dominating Set (CDS) problem in general graphs [6], which
is a well-known NP-Hard problem [7]. In addition, they
introduced two approximation algorithms having a worst case
performance guarantee. Nowadays, this approach becomes one
of major ways to compute quality CDSs with a performance
guarantee.
In some wireless networks such as ad-hoc networks, nodes
are mobile and thus the topology of such networks can be
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changed frequently. In the mobile wireless networks, a VB
induced by a CDS can be broken easily and thus it should
be re-computed repeatedly [8]. To make a VB more resilient
in volatile wireless networks, the fault-tolerance of the VB
is considered. In [9], a k-connected m-dominating set is
introduced as a generalized abstraction of a fault tolerant VB,
which satisfies following properties: Let G = (V, E) be a
graph representing a wireless network and C be a VB. Then,
first C has to be k-connected so that the VB can survive after
any k−1 backbone nodes fail. In addition, a node x ∈ (V −C)
has to adjacent to at least m nodes in C so that x can be
connected even after m − 1 adjacent backbone nodes fail.
Here, both k and m are two system parameters determining
the degree of fault-tolerance.
In this paper, we study the problem of computing kconnected m-dominating sets in Unit Disk Graphs (UDGs),
which represent homogeneous wireless networks. We found
that so far several approximation algorithms have been proposed to compute k-connected m-dominating sets for any
k ≥ 3 and a positive constant m, but none of them is perfect in
a sense that each of them does not produce a feasible solution
in some UDGs. Based on those observations, we propose a
new constant factor approximation algorithm for computing
3-connected m-dominating sets in UDGs given a constant m.
Our algorithm first computes a 2-connected m-dominating set
using an existing constant factor approximation [10], [11].
Then, it augments the subset into a 3-connected m-dominating
set. We prove that the algorithm produces a feasible solution in
any 3-connected UDG and has a constant factor Performance
Ratio (PR) given a constant m.
The rest of this paper is organized as follows. Section II
includes several important notations, definitions, lemmas, and
theorems. In Section III, we introduce related work. In Section IV, we present a new constant factor approximation
algorithm for computing 3-connected m-dominating sets in
UDGs with its performance, correctness, and running time
analysis. Finally, Section V concludes this paper.
II. N OTATIONS AND D EFINITIONS
Now, we introduce several important notations and definitions. G = (V, E) = (V (G), E(G)) is a graph. For any
u, v ∈ V (G), udist(u, v) is the Euclidean distance between
them. We shall use G − S to denote the induced subgraph on
the vertex set V (G) − S for S ⊂ V (G).
Definition 2.1: G is a Unit Disk Graph (UDG) if ∀u, v ∈
V (G), there is a bidirectional edge between them if and only
if udist(u, v) ≤ 1.
Huson and Sen suggested to use UDG to abstract homogeneous wireless networks for the first time [12]. Nowadays,
this approach is widely used in many literatures. More general
properties of UDG can be found in [13].
Definition 2.2: D(G) ⊆ V (G) is a Dominating Set (DS)
of G if ∀v ∈ V (G), either v ∈ D(G) or ∃u ∈ D(G) such that
(v, u) ∈ E(G).
Definition 2.3: An Independent Set (IS) of G is a subset
I(G) ⊂ V (G) such that ∀u, v ∈ I(G), (u, v) ∈ E(G).

T0

H = C2,3
B1

B2

v2

v5

v1

B1

v4
v3
B3

v7

v6
v

B4

⇒

v1 v2
v3 v4

v4

B2
v4 v5
v6 v7

v

Fig. 1. The right figure is the block graph T0 of H − {v}. Each maximal
2-connected subgraph in H{v} becomes a block in T0 and each bad-point of
H in H − {v} becomes a cut-vertex in T0 . Suppose a G3 is given and H is
a subgraph containing a C2,3 of G3 . Since v4 is a cut-vertex of T0 (which
means that {v, v4 } is a separator of H), there has to be a H-path from B1
to B2 in T0 . Then, in the left graph, v4 cannot be any of the ends of such
H-path.

Definition 2.4: An IS I is a Maximal Independent Set
(MIS) if any v ∈ (G(V ) − I), I ∪ {v} is not an IS anymore.
Since an IS is a kind of DS and computing a minimum DS
is NP-hard [21], finding a minimum IS is also NP-hard.
Definition 2.5: A subset C(G) ⊆ V (G) is a Connected
Dominating Set (CDS) of G if 1) C(G) is a DS of G and 2)
the graph induced by C(G) is connected.
One typical way to compute a CDS is 1) computing an MIS
using a coloring algorithm and 2) selecting an additional set
of nodes to connect the MIS using an algorithm for Steiner
minimum tree problem or minimum spanning tree problem.
Guha and Kuller first used the minimum CDS problem for
computing a minimum size VB for wireless networks [6], and
later this becomes a popular approach in this research field.
Definition 2.6: A DS D(G) ⊆ V (G) is a m-Dominating
Set (m-DS) of G if ∀v ∈ V (G) − D(G), v is adjacent to at
least m nodes in D(G).
Definition 2.7: A graph G is k-vertex-connected if G is
still connected after any k − 1 nodes are removed from G.
In the rest of this paper, “k-connected” and “k-vertexconnected” will be used interchangeably. Also, Gk is a kconnected graph.
Definition 2.8: A CDS C(G) ⊆ V (G) is k-Connected
m-Dominating Set if 1) the graph induced by C(G) is kconnected and 2) C(G) is a m-DS.
In this paper, (k, m)-CDS and Ck,m are mutually used to
denote a k-connected m-dominating set. Also, k-CDS is a
opt
is an optimal Ck,m in a graph G.
(k, k)-CDS. Finally, Ck,m
Definition 2.9: v ∈ V (G) is called a cut-vertex if the
induced graph of G − {v} is disconnected.
Definition 2.10: A block is a maximal connected subgraph
of G including no cut-vertex.
Note that every block in a connected graph is either a
maximal 2-connected subgraph or a bridge (an edge with two
end points).
Definition 2.11 ( [14]): Given a connected graph G consisting of blocks and cut-vertices, we construct a block graph
G as follow: For each block B in G, we have a corresponding
node vB in G . For each cut-vertex u in G, we have a node
u in G . Finally, there is an edge between vB and u in G if
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Fig. 2. Given a G3 , a C2,3 ⊂ G3 , and a separator (c1 , c2 ) of C2,3 , suppose
C2,3 −{c1 , c2 } is divided into several connected components, {B1 , B2 , · · · }.
Then, there have to be two different components Bi and Bj such that the
length of the shortest H-path between them is at most three hops.

u ∈ B in G. Figure 1 shows one example of constructing a
block graph.
In this paper, we say a block graph of a block consists of
sub-blocks. Observe that 1) two different blocks of G share
at most one cut-vertex in common, 2) every edge of G lies
in a unique block, and 3) G is the union of its blocks. Then,
Proposition 2.1 naturally follows based on those observations.
Proposition 2.1 ( [14]): The block graph of a connected
graph is a tree.
Definition 2.12: For a connected graph G, we call a pair
of vertices {u, v} ⊆ V (G) a separator of G if the subgraph
induced by G − {u, v} is disconnected.
Definition 2.13: For a G2 , v ∈ V (G2 ) is a good-point if the
subgraph induced by G2 −{v} is still 2-connected. Otherwise,
it is a bad-point.
Definition 2.14: An H-path of a subgraph H of a graph
G is a path connecting two nodes in H such that no internal
node of the path is in H.
In the rest of this paper, Hk -path means an H-path whose
length is at most k.
Now, we introduce several important lemmas and theorems.
Lemma 2.2: A 2-connected graph without any bad-point is
3-connected.
Proof: Note that by definition, a graph G is 3-connected
if to disconnect G, we need to remove at least three nodes.
Suppose G2 is a 2-connected graph having only good points.
Then, when a node v is removed from G2 , the graph should
be still 2-connected. Next, to make G2 − {v} disconnected,
we still need to delete at least two other nodes. Therefore, this
lemma is true.
Lemma 2.3 ( [10]): Given a G3 , a C2,3 ⊂ G3 , and a
separator {c1 , c2 } of C2,3 , suppose C2,3 − {c1 , c2 } is divided
into several connected components, {B1 , B2 , · · · }. Then, there
have to be two different components Ci and Cj such that the
length of the shortest H-path between them is at most three
hops.
Proof: Suppose this lemma is not true and the distance
between any two closest components B1 and B2 is at least
four hops (See Figure 2). Now, suppose the shortest path
between them is {w0 , w1 , w2 , · · · , wl }. Then, at least one node
in {w2 , · · · , wl−1 } has to be connected to other components
since at best it can be dominated by c1 and c2 only. This
contradicts to the assumption that B1 and B2 are two closest
components, and thus l ≤ 3 has to be true.
Lemma 2.4: Given a G3 , a C2,3 ⊂ G3 , and a separator

{c1 , c2 } of C2,3 , C2,3 − {c1 , c2 } can be divided into at most
five components.
Proof: In UDGs, a node can have at most five independent
neighbors [19]. Since the components have to be independent
and connected to c1 (and c2 ), their number cannot be more
than five.
Theorem 2.5 (Menger’s Theorem [22]): Given a graph G
and two vertices u, v ∈ V (G), the minimum number of
vertices separating u from v in G is equal to the maximum
number of disjoint u − v paths in G.
III. R ELATED W ORK
The necessity of (k, m)-CDS is initially discussed by the
seminary work of Dai and Wu [15]. They introduced three
localized algorithms to construct k-CDSs in general graphs.
However, no theoretical analysis is given for their worst case
performance. Since computing an optimal (k, m)-CDS is NPhard even in the simplest case, where k = m = 1, many
efforts were made to introduce an approximation algorithm,
which has a worst case performance guarantee on the size of
resulting (k, m)-CDSs [9]–[11], [16]–[18].
Wang et al. proposed an approximation algorithm, CDS
Augmentation Algorithm (CDSA), to compute (k, m)-CDSs
in UDGs, where k = 2 and m = 1 [9]. CDSA first computes
1-CDS, noted by C1,1 , using any existing approximation
algorithm. Then, it finds a maximal 2-connected subgraph
of the C1,1 and augments this subgraph by adding paths
iteratively. They also proved that the PR of their algorithm
is 62.19. Shang et al. [10] and Thai et al. [11] independently
introduced approximation algorithms to compute (1, m)-CDSs
in UDGs and DGBs, respectively. Their schemes first compute
a C1,1 and iteratively find m−1 MISs for the remaining nodes
and output the union of C1,1 and m − 1 MISs. Clearly, after
the algorithms are finished, for any node not in the output
must have at least m neighbors in the output. At the end, they
showed the approximation ratio of their algorithms is O(1),
given a constant m. More formal proof and approximation
analysis can be found in [10] and [11].
Thai et al. [11] first introduced a centralized approximation
algorithm to compute (k, m)-CDSs in DGBs in addition to
approximation algorithms to compute (1, m)-CDSs and (k, k)CDSs. Later, based on this result, Zhang et al. [16] built an
approximation algorithm which has approximation ratios for
both size and diameter of resulting (k, m)-CDSs. The first
distributed approximation algorithm for this problem is introduced by Wu et al. [17]. More recently, Wu et al. [18] made
both centralized and distributed approximation algorithms for
this problem. In Appendix, we explain why the proposed
approximation algorithms to compute (k, m)-CDSs for any
k ≥ 3 and m ≥ 1 in [11], [16]–[18] are flawed.
IV. A C ONSTANT FACTOR A PPROXIMATION A LGORITHM
C OMPUTING 3-C ONNECTED m-D OMINATING S ETS IN
U NIT D ISK G RAPHS
In this section, we introduce our algorithm, Fault-Tolerant
Connected Dominating Sets Computation Algorithm (FTCDS-CA), which computes (3, m)-CDSs in UDGs. We first
FOR
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proceed this section with m = 3 and later explain how our
result can be generalized for any m = 3. Roughly, FT-CDSCA works as follows: Given a G3 , FT-CDS-CA first computes
a C2,3 ⊆ G3 using a constant factor approximation algorithm
in [10], [11] and set Y ← C2,3 . Next, the algorithm identifies
the set of all bad-points X in C2,3 . Naturally, |X| ≤ |C2,3 |. By
Lemma 2.2, the 2-connected subgraph C2,3 is 3-connected if
X = ∅. The core strategy of FT-CDS-CA is that the algorithm
repeatedly changes each bad-point v ∈ X into a good point by
moving at most some constant number of nodes from G3 − Y
to Y without introducing any new bad-point into X. In this
way, after changing all bad pints in X into good, Y becomes 3connected 3-dominating set, and accordingly, the total number
of nodes newly added to C2,3 is upper bounded by a constant
factor of |C2,3 |.
A. How to Convert a Bad-Point to a Good-Point?
FT-CDS-CA is a round-based algorithm. In each round, it
converts one bad-point in Y to a good-point as follows: Given
a 2-connected subgraph Y (initially, this is a C2,3 ) and the set
X of bad-points in Y , we select v ∈ X and compute a leafblock tree T0 of Y −{v}. Then, T0 constitutes of a set of blocks
{B1 , B2 , · · · , Bs } and a set of cut-vertices {c1 , · · · , ct }. By
Lemma 4.1, v can constitute a separator only with another
node in {c1 , · · · , ct }. Suppose T0 has no w ∈ Bi for all
1 ≤ i ≤ s such that w ∈
/ {c1 , · · · , ct } and ∃j, {w, cj } is a
separator of Y . Then, by Lemma 4.2 and Lemma 4.3, FTCDS-CA makes one ck for 1 ≤ k ≤ t to be a good-point
by adding constant number of H3 -paths such that Y − {ck }
is still 2-connected (Line 21-34 of Algorithm 1). Otherwise,
we have Bi having a separator {w, cj } of Y in it. Again, by
Lemma 4.1, any node v  in Bi ∩ (X − {cj }) can constitute
a separator only with another node in Bi ∩ (X − {v  }). Note
that by switching cj to v, we can make the original problem
smaller. By repeating such process, we can keep making our
problem smaller and eventually can find a block Bi in which
our strategy works.
Now, we introduce the detailed description of our algorithm
for the conversion, which consists of following two discrete
steps, 1) Multi-Level Decomposition, and 2) One Bad-Point
Elimination. Note that the first step takes a polynomial time
since in each level, we can compute a leaf-block tree within
a polynomial time and at most a polynomial number of trees
have to be computed. Also, the second step takes a polynomial
time to make one bad-point to a good-point. Since at most a
polynomial number of rounds are repeated to eliminate all
bad-points and find a subgraph C3,3 , the algorithm is clearly
polynomial time executable.
1) Multi-Level Decomposition: The purpose of this step is
for finding a subgraph in which the second step can be applied
to convert at least one bad-point in X into a good point. We
assume that X = ∅, since otherwise Y is already 3-connected.
Given a 2-connected block B ← Y , FT-CDS-CA first picks
v ∈ X and starts the initial decomposition process (say level-0
decomposition). Then, B − {v} is decomposed into a (level0) block graph T0 , which is a tree whose vertices consist of

a set of sub-blocks {B1 , · · · , Bs } and a set of cut-vertices
{c1 , · · · , ct }. Observe that after the level-0 decomposition, s ≥
2 and t ≥ 1.
Now, FT-CDS-CA examines each sub-block Bi in T0 to see
if there is a pair of nodes ( i.e., an internal node w of Bi and
a cut-vertex cj of T0 ), which can constitute a separator of B.
Note that such w and cj have to be in the same 2-connected
subgraph of B, while this is not true in T0 (they are shown
separately in T0 ). We will call such sub-block a bad subblock. Once we find a bad sub-block Bi , we stop searching,
set B ← Bi , v ← cj , u ← w, and start next level (level-1)
decomposition process on B. If such pair does not exist, we
can start the second step, “one bad-point elimination” on B.
Generally, after the level-l decomposition of B − {v} for
l > 0, the Tl may consist of one sub-block or more, while
after the initial decomposition, T0 must have at least two subblocks given v is a bad point. Now, we consider following two
cases.
Case 1: Tl consists of one sub-block. In this case, Tl =
B1 itself. We first try to find w ∈ B1 such that {u, w} is a
separator of Y . If so, we set B ← B1 , v ← u, u ← w, and start
level-(l + 1) decomposition process. If such w does not exist,
we can start the second step, “one bad-point elimination”.
Case 2: Tl consists of at least two sub-blocks. In this
case, we first search any bad sub-block in Tl . If exists, set
B ← Bi , v ← cj , u ← w, and start next level (level-(l + 1))
decomposition process. If such pair does not exist, we can
start the second step, “one bad-point elimination”.
2) One Bad-Point Elimination: At this point, we have a
leaf-block tree Tl , which is a leaf-block tree of B − v. Also,
Tl includes no bad-sub-block and a bad-point v. If s = 1, we
find an H3 -path H  from B1 − {v, u} to Y − B1 and add H 
to Y . After this process, u is not a bad-point anymore and
thus it can be deleted from X. Then, this iteration is finished.
If s ≥ 2, we need to employ a simple process to make one
of the cut-vertices connecting {B1 , B2 , · · · , Bs } to be a good
point. Now, we explain our core strategy after introducing one
definition which will make our writing more concise.
Definition 4.1: Given a leaf-block tree Tl which can be
obtained after level-l decomposition of the original graph H,
a leaf-block path is the path starting from a leaf block of Tl
to a block or cut-vertex of Tl whose degree in H is greater
than two.
First, we pick a leaf-block path
P = {B̃0 , c̃1 , B̃1 , · · · , c̃i , B̃i , · · · },
where B̃0 , c̃i , and B̃i are a leaf sub-block, a cut-vertex, and
an internal sub-block of Tl , respectively, such that in Y there
is no path from any B̃i to Y − B for i ≤ k, where k is the
number of cut-vertices in P . Here, note that P can end at
some B̃k or c̃k . We also denote Pi = P − {B̃0 , · · · , c̃i }. Next,
we set i from 1 to k − 2 and repeatedly check whether c̃i can
become a good point by following ways.
Case 1: if there is an H3 -path H  from B̃i to B̃i+1 , then
set Y ← H ∪ H  and finish this iteration, since c̃i is not a
bad-point in Y anymore.
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Case 2: if there are an H3 -path H  from B̃i to (Y − P ) ∪
Pi+1 and another H3 path H  from B̃i+1 to P − Pi , then set
Y ← Y ∪ H  ∪ H  and finish this iteration, since c̃i+1 is not
a bad point in Y anymore.
If we cannot eliminate any of ci for 1 ≤ i ≤ k − 2 using the
sequential strategy above, we have to be in one of following
two situations.
Case 1: if P ends at B̃k , then there has to an H3 -path H 
from B̃k−1 to Y −(P −B̃k ). Find such H  and set Y ← Y ∪H  .
Since c̃k−1 became a good point, this should be deleted from
X.
Case 2: if P ends at c̃k , then Y − {c̃k , v} can be partitioned
into at most five parts. Then, we have to find four H3 -paths
and add them to Y . Since c̃k became a good point, this should
be deleted from X.
Algorithm 1 is the formal description of our algorithm.
In the subsequent sections, we show the correctness proof,
performance analysis, and time complexity of this algorithm.

Algorithm 1 FT-CDS-CA (G3 )

B. Correctness and Performance Analysis

16:

In this section, we prove that given any G3 containing
a solution, FT-CDS-CA can correctly generate a C3,3 . In
addition, we show that the PR of our algorithm is a constant
and the running time of our algorithm is polynomial.
Lemma 4.1: Let G3 be a 3-connected graph and H be a 2connected subgraph of G3 . Let v be a bad-point of H and T be
a leaf-block tree which can be obtained after a decomposition
of H − {v}. Suppose V (T ) = {B1 , · · · , Bs } ∪ {c1 , · · · , ct }.
Let u ∈ Bi and u ∈
/ {c1 , · · · , ct }. Then {u, w} is not a
separator of graph H for w ∈ H − Bi .
Proof: The assertion that {u, v} is not a separator of H
follows easily from the fact that H − {v} is 1-connected
and Bi is 2-connected. Thus, the deletion of u keeps the
connectedness of H − {v}. Next, let w = v. We show {u, w}
is not a separator of H, i.e., H − {u, w} is connected. Let
x, y ∈ V (H) − {v, u, w} be two distinct vertices, we shall
show x and y can connect to each other in H − {u, w}. We
distinguish two cases.
/ {c1 , · · · , ct }. If x and
Case 1: w ∈ Bj (j = i) and w ∈
y are contained in the same block Bk , then x and y can
be connected to each other in H − {v, u, w}. This follows
immediately when k = i, j; while if k = i or k = j,
since Bk is 2-connected, x and y can still be connected
to each other after the deletion of u and w. Next, suppose
that x and y are not contained in the same block, and let
(B̃1 , c̃1 , B̃2 , c̃2 , · · · , B̃q ) (q ≥ 2) be a path in the leaf-block
tree T connecting B̃1 and B̃q such that x ∈ B̃1 , y ∈ B̃q .
Clearly, there is a path P = (xP1 c̃1 P2 c̃2 · · · c̃q−1 Pq y) in
H − {v, u, w} connecting x and y, where P1 (resp. Pq ) is
a path contained in B̃1 (resp. B̃q ) connecting x (resp. y) and
c1 (resp. cq−1 ), and Pm (2 ≤ m ≤ q − 1) is a path contained
in B̃i connecting c̃m−1 and c̃m . If u and w is not contained
in any of B̃m , then our assertion clearly holds. Now, suppose
that u is contained in, say, B̃m (= Bi ). Since B̃m is 2connected, there is a path Q̃m (which is independent of P̃m )
in B̃m connecting c̃m −1 and c̃m . If w is also contained in

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

17:
18:
19:
20:
21:

22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:

33:
34:
35:
36:

Compute a C2,3 and set Y ← C2,3 .
Identify the set of bad points X in Y .
while X = ∅ do
Set Y ← SUB (G3 , X, Y, Y, v, ·) for any v ∈ X.
end while
Return Y .
function (SUB (G3 , X, Y, B, v, u))
Construct a leaf-block tree T of B − {v}.
Note that V (T ) = {B1 , · · · , Bs } ∪ {c1 , · · · , ct }.
if s = 1 then
if there is w ∈ B1 such that (u, w) is a separator
of Y then Y ← SUB (G3 , X ∩ B1 , Y, B1 , u, w).
end if
Find an H3 -path H  from B − {v, u} to Y − B
and return Y ← Y ∪ H  .
else
for i = 1 to s do
while there is a separator (w, cj ) of Y such
/ {c1 , · · · , ct }} and cj ∈
that w ∈ {w|w ∈ Bi and w ∈
{c1 , · · · , ct } do
Set Y ← SUB (G3 , X ∩ Bi , Y, Bi , cj , w).
end while
end for
end if
Let k be the number of cut-vertices in P . Pick a leafblock path P = {B̃0 , · · · , c̃i , B̃i , · · · }, where B̃0 , c̃i , and
B̃i , are a leaf sub-block, a cut-vertex, and an internal subblock of T respectively such that in Y there is no path
from any B̃i to Y − B for i < k. Suppose Pi = P −
{B̃0 , · · · , c̃i }.
Set FIN ← NOT-OK.
for i = 0 to k − 2 do
if there is an H3 -path H  from B̃i to B̃i+1 then
set Y ← H ∪ H  and FIN ← OK. Finally, exit this loop.
else Find a H3 -path H  from B̃i to (Y −P )∪Pi+1
and another H3 -path H  from B̃i+1 to P − Pi .
if such H  and H  exist then set Y ← Y ∪


H ∪ H and FIN ← OK. Finally, exit the for-loop.
end if
end if
end for
if FIN = ok then /* c̃k will become a good point. */
if P ends at B̃k then find an H3 -path H  from
B̃k−1 to Y − (P − B̃k ) and set Y ← Y ∪ H  .
else /* P ends at c̃k */ Note that Y − {c̃k , v} can
be divided into at most five parts. Find at most four H3 paths with length no more than three to make Y − {c̃k , v}
connected. Add the H3 -paths to Y .
end if
end if
Return Y .
end function
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some of B̃m (m = m ), then there exists a path a path Q̃m
(which is independent of P̃m ) in B̃m connecting c̃m −1 and
c̃m . Replace Q̃m (resp. Q̃m ) with P̃m (resp. Q̃m ) in the
original path P . Then x and y is still connected to each other
in H − {v} after the deletion of u and w. In case that one of
u and w is contained in some of B̃m , it is not difficult to see
that the same result still holds.
/ Bi and w ∈ {c1 , · · · , ct }.
Case 2: w ∈ Bj (j = i), w ∈
Note H is 2-connected. It follows that there exists another path
P  = (xP1 c1 P2 c2 · · · , cp Pp y) connecting x and y, which is
independent of the previous path P and passes through vertex
v. If u is not contained in the path P  , clearly x and y is
still connected through P  after the deletion of u in H − {w}.
Otherwise, suppose u is contained in P  . Similar to Case 1,

with another independent path Qm in
we can replace one Pm
Bi such that after the deletion of u, the vertices x and y still
connects each other in H − {w}.
Thus x and y is always connected with each other in H −
{u, w} for x, y ∈ V (H) − {v, u, w}. Moreover, if one of x
and y equals v, the lemma can be easily shown to be true.
Therefore, the lemma holds.
Lemma 4.2: After the line 13 of Algorithm 1 is executed,
then u becomes a good-point.
Proof: Suppose we confront the Line 13 of Algorithm 1
after level-l decomposition, where l ≥ 1, Tl = {B1 }. This
means that in block B1 , there is no point except v can make a
pair of separator with node u. Note that B1 is a 2-connected
block, B1 − {u} remains connected as an induced subgraph.
However, {v, u} is a separator implies that there exists an Hpath H  from B − {v, u} to Y − B. Once H  is added, {u, v}
is no longer a separator any more. Next, we show that u and
w cannot be a pair of separator for any w ∈ Y − B.
Suppose that w is contained in a block B  in the multilevel decomposition tree Ti with the maximum index i. Since
B1 lies in the bottom-most of the tree, u is also contained in
some block B  which is in Ti . If B  = B  , then according
to Lemma 4.1, u and w cannot be a separator since u is also
an internal node of B  . Now, suppose that u and w lie in the
same block B  = B  in Ti . Note u is still contained in a subblock B  of B  in the (i + 1)-th level, which is obtained from
B  by deleting a node. Clearly, w must be the deleted node,
otherwise w will be contained in a block with level i + 1;
a contradiction to the maximality assumption. Again, using
Lemma 4.1, u and w cannot be a pair of separator. Thus, u
cannot constitute a separator with any other nodes in H, i.e.,
u becomes good. The lemma holds.
Lemma 4.3: After Lines 22-34 of Algorithm 1 are executed, at least one c̃i ∈ X becomes a good point.
Proof: Since s ≥ 2, there must exist leaf-block path P =
{B̃0 , c̃1 , B̃1 , · · · , c̃i , B̃i , · · · } such that no existing paths in Y
connecting each B̃i to Y − B, since otherwise no c̃i and v
constitute a separator, which contradicts to the assumption that
v and some internal nodes in B form a separator. In what
follows, we distinguish two cases.
Case 1: Lines 22-29 of Algorithm 1 is executed. We
have a leaf-block path P = {B̃0 , c̃1 , B̃1 , c̃2 , · · · , c̃k , B̃k }, or

P = {B̃0 , c̃1 , B̃1 , c̃2 , · · · , c̃k }. In the first case, whenever there
exists an H3 -path H  connecting B̃i and B̃i+1 in Line 2229. Then c̃i+1 is a good-point. Actually, let B be the block
including {B̃1 , · · · , B̃s } ∪ {c̃1 , · · · , c̃t } and v. Similar to the
proof of Lemma 4.2, c̃i+1 cannot constitute a pair of separator
with any other points in Y − B. On the other hand, inside the
block B, c̃i+1 cannot constitute a pair of separator with any
other points in B̃i and B̃i+1 due to the algorithm, and c̃i+1
cannot constitute a pair of separator with any other points
in B − (B̃i ∪ B̃i+1 ) because after the deletion of c̃i+1 , B
remains 2-connected. Thus c̃i+1 is a good point. While Line
23 is executed. Similar result holds.
Case 2: Lines 30-34 of Algorithm 1 is executed: In case
that Line 31 is executed, the proof is similar to Case 1. If
line 32 is executed, note v and c̃k is a pair of separator of
Y , then Y − {v, c̃k } is divided into at most five parts. Thus,
at most four H3 -paths are needed to make Y − c̃k connected.
After adding these H3 -paths, B remains 2-connected. Similar
arguments as Case1 can be used to show c̃k has become good.
Lemma 4.4: At least one case is true in Lines 22-34 of
Algorithm 1.
Proof: First suppose that the leaf-block path P =
{B̃0 , c̃1 · · · , c̃i , B̃i , · · · , c̃k , B̃k }, where B̃k is the block with
degree at least three in the leaf-block tree. Next, we use case
by case analysis to show that at least one case is true in lines
22-34 of Algorithm 1.
Consider B̃1 . Note that {c̃1 , c̃2 } is a pair of separator of Y .
It follows that there exists an H3 -path H1 connecting B̃1 −
{c̃1 , c̃2 } and Y − B̃1 . If the H3 -path H1 connects B̃0 − {c̃1 }
and B̃1 − {c̃1 }, then it is done. Otherwise, there exists an
H3 -path H1 starting at B̃1 − {c̃1 , c̃2 } ending at (Y − P ) ∪ P2 .
Now consider B̃2 . Note that {c̃2 , c̃3 } is a pair of separator
of Y . It follows that there exists an H3 -path H2 connecting
B̃2 − {c̃2 , c̃3 } and Y − B̃2 . If H2 connects B̃2 − {c̃2 , c̃3 } and
P −P1 or B̃1 −{c̃2 }, then it is done. Otherwise, there exists an
H3 -path H2 starting at B̃2 − {c̃2 , c̃3 } ending at (Y − P ) ∪ P3 .
Generally, since {c̃i , c̃i+1 } is a pair of separator of Y . It follows that there exists an H3 -path Hi connecting B̃i −{c̃i , c̃i+1 }
and Y − B̃i . If Hi connects B̃i − {c̃i , c̃i+1 } and P − Pi−1 or
B̃i−1 −{c̃i }, then it is done. Otherwise, there exists an H3 -path
Hi starting at B̃i − {c̃i , c̃i+1 } ending at (Y − P ) ∪ Pi+1 .
Continuing this process· · · Finally, for B̃k−1 , there exists

connecting B̃k−1 − {c̃k−1 , c̃k } and Y −
an H3 -path Hk−1

B̃k−1 . If Hk−1 connects B̃k−1 − {c̃k−1 , c̃k } and P − Pk−2
or B̃k−2 − {c̃k−1 }, then it is done. Otherwise, there exists

starting at B̃k−1 − {c̃k−1 , c̃k } ending at
an H3 -path Hk−1
(Y − P ) ∪ Pk = (Y − P ) ∪ Bk .
Since the above process have enumerated all possible cases,
therefore at least one case is true. For the case that the
leaf-block path P = {B̃0 , c̃1 · · · , c̃i , B̃i , · · · , c̃k }, a similar
argument can still be applied. This completes the proof.
Lemma 4.5: Each time, Line 4 of Algorithm 1 is executed,
at least one bad point in X will become good points by adding
at most 12 nodes, where X is the number of bad points in
Y := C2,3 .
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Proof: By Lemmas 4.2-4.4, at each iteration, at leat one
bas point becomes good by adding at most 4 H3 -paths, the
length of which is at most three. Therefore, at most 12 nodes
are needed to changed one bad-point into a good-point.
Theorem 4.6 ( [10]): There exists a polynomial time approximation algorithm A which can generate an approximated
solution for (2, m)-CDS with performance ratios (5 + 25
m ) for
2 ≤ m ≤ 5 and 11 for m > 5.
Lemma 4.7: Given a G3 , let H be a connected subgraph
containing a C2,3 of the G3 . Then, adding a H3 -path P to H
does not introduce a new bad-point to H.
Proof: To prove this, we consider following two cases
in which the length of P is two or three hops. In the first
case, P includes only one new node u. Then, no node in
H can constitute a separator with u in H ∪ {u} since H
is 2-connected. Therefore, all nodes in P are good-points in
H ∪ {u}. Now, we consider the second case in which P has
two new points u and v. Now, we claim that u is not a badpoint in H ∪ {u, v}. Suppose u is a bad-point and it constitute
a separator with another node w ∈ H ∪ {v}. Clearly, w = v
since H is 2-connected. On the other hand, since H is 2connected and v has at least three neighbors in H, H ∪ {v} is
at least 2-connected. Therefore, (H ∪P )−{u, w} is connected
for any w ∈ H. Therefore, u is not a bad-point and by the
same argument, v is not a bad-point. In conclusion, the lemma
is true.
Theorem 4.8: Algorithm 1 is a 520
3 -approximation for 3Connected 3-Dominating Set problem.
Proof: From Theorem 4.6, we have a r-approximation
algorithm for computing a C2,3 , where r = 40
3 . Then, we can
opt
have a C2,3 such that |C2,3 | ≤ r|C2,3
|. In Algorithm 1, since
X ⊆ C2,3 , |X| ≤ |C2,3 |. From Lemma 4.5 and Lemma 4.7,
Algorithm 1 will use at most 12|X| nodes to augment the C2,3
to a Y = C3,3 . As a result, the size of final Y is bounded
opt
opt
| + 12|C2,3 | ≤ r|C2,3
|+
by |Y | = |C2,3 | + 12|X| ≤ r|C2,3
opt
opt
opt
12r|C2,3 | ≤ 13r|C2,3 | ≤ 13r|C3,3 |.
C. Generalization for any m = 3
When m > 3, we first compute a C2,m using the existing
algorithm in [10], [11]. Then, we augment C2,m to C3,m using
Algorithm 1. Now, we prove that the size of the outputs by this
strategy is within a constant factor from an optimal solution
even in the worst case.
Theorem 4.9: The PR of this strategy is 13r for m > 3,
where r = (5 + 25
m ) for 3 ≤ m ≤ 5 and 11 for m > 5
opt
Proof: For m > 3, it is easy to show that |Y | ≤ 13r|C3,m
|
using the argument in the proof of Theorem 4.8.
When m = 1, 2, We start from a C1,3 , then augment C1,3
to C2,3 . Both can be computed by the existing method in [10],
[11]. Finally, augment C2,3 to C3,3 using Algorithm 1. Now,
we evaluate the worst case quality of outputs of this approach.
Theorem 4.10: The PR of this strategy is 17 · 2 · 12 for
m = 1, 2.
Proof: First, we focus on the case m = 1, and show that
opt
. In
the obtained C3,3 is within a constant factor from C3,1
fact, by the Algorithms in [10], [11], we have C1,3 = I1 ∪

I2 ∪ I3 ∪ C, where Ii is the maximal independent set obtained
sequentially and C is some additional nodes added to make I1
opt
to be connected. Since |Ii | ≤ 5|C1,1
| (i = 1, 2, 3) and |C| ≤
opt
2|I1 |, we get we have |C1,3 | ≤ 17|C1,1
|. Moreover, by the
proofs in [10], [11], we have |C2,3 | ≤ 2|C1,3 |. By Algorithm 1,
opt
|. Note that
|C3,3 | ≤ 12|C2,3 | ≤ 2 · 12|C1,3 | ≤ 17 · 2 · 12|C1,1
opt
opt
opt
|C1,1 | ≤ |C3,1 |. It follows that |C3,3 | ≤ 17 · 2 · 12|C3,1
|.
For m = 2, the same algorithm as above can be applied.
And the approximation ratio can be obtained similarly by
opt
opt
noting that |C1,1
| ≤ |C3,2
|.
By combining Theorem 4.8, Theorem 4.9, and Theorem 4.10, we have the following conclusion.
Theorem 4.11: There exists an O(1)-approximation algorithm for computing (3, m)-CDS in UDGs for any m.
V. C ONCLUSION
In this paper, we studied the problem of constructing faulttolerant CDSs in homogeneous wireless networks, which can
be abstracted as the minimum k-connected m-dominating set
problems. We observe every existing approximation algorithm
for this problem is flawed for k ≥ 3 in a sense that it does
not generate a feasible solution in some UDGs. Based on the
observations, we propose a constant factor polynomial time
approximation algorithm to compute (3, m)-CDSs. As a future
work, we are interested in generalizing our algorithm for any
k ≥ 4.
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A PPENDIX
In Appendix, we investigate every existing approximation
algorithm for computing (k, m)-CDSs, where k ≥ 3 and
discuss about their limitations.
A. CDSAN: Connected Dominating Set by Adding Nodes for
k-CDSs [11]
In [11], the authors first present the CDSAN for computing
(k, k)-CDSs and based on this result, built an approximation
algorithm to generate (k, m)-CDSs. The CDSAN uses a
(1, m)-CDS as its input and increases its connectivity using
an idea similar to Wang et al.’s in [9]. That is, if we have
a k-connected subgraph, it identifies every (k + 1)-connected

Fig. 3. Figure (a) to (d) illustrate a situation in which CDSAN does not
work correctly. Note that the figure is little bit crude, but clearly its magnified
version (with more nodes) can be embedded in UDG. In the figure (a), a 3connected UDG G is given and our goal is computing a (3, 3)-CDS of G.
One apparent solution can be obtained by selecting whole nodes. Based on the
description of the algorithm in [11], we pick one root node and compute the
hop distance from the root to each node. Then, we follow the MIS construction
method in [20]. In the figure, the number in each node is their hop distance
from the root and the set of black nodes are MIS nodes. In the figure (b), the
TFA algorithm in [23] is applied and the MIS nodes are connected such that
it selects non-MIS nodes with highest number of MIS neighbors and colors
it grey until the MIS nodes are fully connected. In the figure, the number in
each node represents the number of adjacent MIS nodes. In the figure (c) and
(d), CDSMIS is applied and based on the (1, 1)-CDS computed by the TFA
algorithm, we have (1, 3)-CDS. Note that the resulting subgraph induced by
colored nodes is 2-connected and contains no 3-connected subgraph. Now,
CDSAN needs to identify at least one 3-connected subgraph but there is no
such subgraph. Therefore, C, which is returned by CDSAN, is a (2, 3)-CDS.

block in the subgraph first. As long as there are more than one
(k+1) connected block, it sets a path from a (k+1)-connected
block to the rest part of k-connected subgraph so that the
(k + 1)-connected block can be augmented. Unfortunately,
such generalization does not work for any k. If k = 1, as
shown in [9], we always have at least one 2-connected block
if the size of a given graph is more than two. However, this
is not true when k ≥ 2 (See Figure 3).
Since CDSAN does not work for some UDGs, their (k, m)CDS construction algorithm based on CDSAN does not work
for some UDGs. Furthermore, since UDG is a subset of DGB,
CDSAN is not working perfectly for DGBs. In [16], Zhang
et al.’s built an approximation algorithm to compute (k, m)CDSs with bounded diameter in DGBs. Based on our result,
one can easily see that this algorithm also does not work
correctly for some UDGs.
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Fig. 4. This figure illustrates a situation in which DDA does not work
correctly. Suppose we want to compute a (2, 1)-CDS. Observe that the given
graph is 2-connected. In the left figure, a set of grey nodes forms a (1, 1)CDS. In the right figure, R is a random root and it searches a 2-connected
subgraph, which is the set of black nodes, C. Now, to expand the 2-connected
subgraph, we can start from node A or B. However, we cannot find a path P
such that all the nodes in P are adjacent to at least one black node and either
C ∪P ∪{A} or C ∪P ∪{B} is a 2-connected subgraph. Therefore, we cannot
use Lemma 6.1 to augment the 2-connected subgraph and the algorithm fails.

Fig. 5. This figure illustrates a situation in which LDA does not work
correctly. Suppose our goal is computing a (2, 1)-CDS. Then, LDA first
computes a (1,1)-CDS, which is the set of black nodes. In the second phase,
LDA makes no change on the set. In the third phase, no node in the C1,1 can
construct a 2-connected local graph and the result of LDA over this graph is a
1-connected subgraph. However, the given graph is 2-connected and includes
a feasible solution.

B. DDA: Distributed Deterministic Algorithm for (k, m)CDSs [17]
Now, we discuss about DDA which is a distributed approximation algorithm to compute (k, m)-CDSs in UDGs [17].
Briefly, DDA consists of following three phases: In the first
phase, it uses an existing distributed 1-CDS algorithm in [24]
to generate a C1,1 . In the second phase, the C1,1 evolves to a
C1,m by using the idea in [10]. In the third phase, DDA makes
the C1,m to be k-connected by adding some nodes using the
idea in Lemma 6.1.
Lemma 6.1 ( [17]): Let G be a k-connected graph and v
be a node not in G having at least k-neighbors in G. Then,
G = G ∪ {v} is also a k-connected graph.
In detail, the DDA works as follows: A random root r
collects information of nodes within i hops where i increases
from 2 until r can find a k-connected subgraph of G, which
is a given UDG, using the information. Once a k-connected
subgraph of G, say C, is found by r, DDA finds a path from
a node x ∈ C1,m to C − {x} such that x and all nodes in
the path are adjacent to at least one node in C. Once a node
in the path receives multiple request to be on a path for more
than k nodes, it declares that it will join to the k-connected
subgraph. x and a path for it can join to C once all the node
in the path declare to join. In this way, C is expanded. This
algorithm can successfully generates a (k, m)-CDS for some
graph. However, there are some cases where DDA fails. That
is, there can be a k-connected graph in which Lemma 6.1
cannot be applied (See Figure 4).
C. LDA: Distributed Local Decision Algorithm for (k, m)CDSs [18]
In [18], the authors introduce the LDA, a localized algorithm
to compute (k, m)-CDSs for UDGs. LDA consists of three
phases. In the first phase, it computes a C1,m using similar
idea for DDA in [17]. Note that the C1,m includes a C1,1 .
In the second phase, each pair of adjacent nodes in the C1,1
negotiates with each other. That is, two adjacent nodes x and
y in the C1,1 try to color at least k − 2 common neighbors
in black. Now, define a local graph of a vertex v as a graph
induced by v and its neighbors. Then, in the third step, each
black node in the C1,1 builds a local k-connected graph,

Fig. 6. This figure illustrates a situation in which ICGA does not work
correctly. In this figure, the whole graph is 3-connected and G, which is the
set of black nodes, is 2-connected. Then, we have no F which is a connected
graph and 2-dominates G. Therefore, ICGA does not work in this case.

which includes all the black neighbors of v in the C1,m and
negotiated neighbors of v in the second step and color whole
nodes in the k-connected local graph in black. Authors claim
that at the end of this phase, the set of black nodes is a (k, m)CDS. However, in some Gk , some black node in C1,1 may not
have a local k-connected graph and LDA does not produce a
(k, m)-CDS correctly (See Figure 5).
D. ICGA: Centralized Algorithm for (k, m)-CDSs [18]
In [18], the authors introduce ICGA, a centralized algorithm
to compute (k, m)-CDSs for UDGs. This algorithm introduces
a new approach which is very different from previous ones.
The core strategy of ICGA is that it first computes a (1, m)CDS and tries to evolve it to a (k, m)-CDS by using the idea
in Lemma 6.2.
Lemma 6.2: Given a k-connected graph G and a connected
set F which can k dominate G, the graph G composed by
G ∪ F is (k + 1)-connected.
ICGA starts from a 2-connected subgraph in (1, m)-CDS
and finds F which k dominates the subgraph, which means
that each node in F has at least k neighbors in G. By
repeatedly applying Lemma 6.2, the authors claim that ICGA
generates a (k, m)-CDS finally. To prove the correctness of
Lemma 6.2, the authors assume that when they have a kconnected subgraph G and a connected set F which k dominates G, deleting k − 1 nodes from G or F cannot disconnect
G∪F . However, they missed that there is a 3-connected graph
in which this lemma is not true (See Figure 6).

